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Stability Analysis of a Dynamically Tuned Gyroscope
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and
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Using energy and state space methods, the characteristic equation for a dynamically tuned gyroscope (DTG) is
determined and subsequently used in a stability analysis of the system. The stability analysis assumes an ideal system
and operation of the DTG within small angles of the nominal position. Finally, stable and unstable configurations of
the DTG are demonstrated. The analysis shows that for practical configurations of a DTG, the device is inherently

stable.

Nomenclature

I,, = gimbal spin inertia

I,, = gimbal transverse inertia

I = rotor spin inertia

I, = rotor transverse inertia

K, = stiffness about the gimbal X-axis

K, = stiffness about the gimbal Y-axis

n = square of the shaft spin rate

6 = Y-axis angular rotation of the rotor with respect
to the gimbal

¢ = X-axis angular rotation of the gimbal with respect
to the shaft

Q = square of the DTG natural frequencies

w, = angular velocity of the gimbal

w, = angular velocity of the rotor

wy; = shaft spin rate

I. Introduction

YNAMICALLY tuned gyroscopes (DTGs) have been in wide-

spread use as instruments for measuring angular position and
rates for many years. Recently, the principles of the design have been
extended to include momentum management and determination de-
vices used in small satellites.! The most common configuration of
this device includes a rotor connected to a shaft through a gim-
bal ring and two sets of orthogonal torsion springs; refer to Fig. 1.
Ideally, the rotor would be free from external torques; however, the
motion of the gimbal imparts torques on the rotor that can cause high
nutation and precession rates. Analyses of the system dynamics®>~*
have shown that through application of the “tuning condition” and
maximizing the “Figure of Merit” the effects of the gimbal motion
can be minimized but not eliminated.’~” These methods force a
relationship between the system inertias and spring rates. Further
analyses have examined the response of DTGs to angular and lin-
ear acceleration inputs.3? Of more significance to this paper, the
effect of damping on the stability of DTGs has been examined, with
the finding that drag acting on the rotor can cause an instability.'?
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The response to this is to have the interior of the DTG at a reduced
pressure, limiting the development of air currents.

In general, previous studies have been performed utilizing non-
spinning coordinate systems that have been linearized early in the
derivation. The result was the identification of three periodic os-
cillations of the rotor orientation.® By delaying linearization of the
equations of motion and maintaining a spinning coordinate refer-
ence frame until the last step, an additional long-term precession
term was extracted.’

The referenced papers review the effects of the mechanical prop-
erties (i.e., the inertial properties and torsional spring stiffnesses)
on the nutation and precession rates of the rotor, but the effect of
these properties on the actual stability of the system has not been ad-
dressed. This paper addresses the question by deriving the stability
boundaries for a DTG using energy methods and a frequency anal-
ysis. To retain all of the system’s natural frequencies, the derivation
is performed in spinning coordinates and linearization occurs after
the equations of motion have been derived.

Within this paper it is assumed that the gyro case is fixed in inertial
space, and that the rotor and gimbal are symmetric with transverse
and spin inertias I, I;; and Iy, I, respectively. Refer to Fig. 1.
The stiffness of the gimbal/shaft and gimbal/rotor connections are
represented by K, and K, respectively. It is assumed that the shaft
spins at a constant rate, w;, and that the mass centres of the compo-
nents are coincident and fixed. For this idealized model, joint and
structural damping are ignored.

II. Equations of Motion for an Idealized Dynamically
Tuned Gynoscope

To derive the equations of motion, it is necessary to define the
generalized coordinates to be used.”!' For the DTG, these coordi-
nates are ¢, the angle of rotation, about its x-axis, of the gimbal with
respect to the shaft, and 6, the angle of rotation of the rotor about
its y-axis with respect to the gimbal. Based on these coordinates,
the angular velocity of the gimbal can be calculated by rotating the
shaft speed, w;, into the gimbal coordinate frame and adding the
rate about the x-axis. In other words,

@ 0
w,=[0]+@n|o0
0 wy

where (¢), represents the rotation matrix of ¢ about the gimbal
x-axis. Expanding, the angular rates of the gimbal are found:

Wy, = eY)
W, = Spws X Py 2)
wg, = Cows & w; 3)
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where S, = sin¢ and Cy = cos ¢. The approximations are made by
linearizing C, and Sy about the nominal position ¢ = 0. Rotating
the gimbal angular velocities into the rotor coordinate frame and
then adding the rate about the y-axis gives the angular velocity
components of the rotor. That is,

0 Wex
o, = |6+, |,
0 wgz
which expands to give
@, = Cop — $yCot0, = ¢ — O )
o, =6+ Sy, X 6 + po, )
w,. = Spp + CoCy, ~ w, (6)

Again, the approximations are valid when 6 is small. It is also as-
sumed that the angular rates at these small angles are small compared
to w,. Now that the angular rates of each of the bodies are known,
the kinetic energy 7 of the system can be expressed as

T = 5[1ne? + In(], + ) + Tse}, + Ta(og, + )] @
Also, the potential energy V is

V=1K.¢"+1K,0* ®)

-2
Forming the Lagrangian'> L =7 —V and applying Lagrange’s
equations over ¢ and 6 yields Eqgs. (9) and (10):

d
E[Sb)lrswr; + Colwo,, + Iglng] — Iy — Igs)a)g_vwgz

— 8 Inwgy Wy, — IrLCUngrVv +Co Irsa)gy Wy, +K.¢=0 )

d
5[ nwry] - (Irs -
Equation (9) can be simplified by realizing w,, = Cow,, + Sy,
giving

CoIn + Ie) @, + So(Is + Ly)idy, — 6 (Sp Iy, — Colsor,

L)oo, + K,0 =0 (10)

+ (Sﬂa)rx - Cﬂa)rz)lgt) - (Igt - Igs)a)gngz

= (SoInwr, — Colnswy, )y, — Inwg. 0, + K p =0 (11)

Using the relationships Syw,, — Cow,, = —w,, and 6 + W, = Wy, in
Eq. (11) and expanding Eq. (10) gives the equations of motion as

Cb)([rl + Igl)a')rx + SH(]rs + ]g,l)d-)rZ + (CB Irswrj - SG [rlwr,\

+ Iywg, ), — Qly — I wg 0y, — Lywgo,, + K. =0

12)
and
Irl(br'\, - (Irs - Ir[)wrxwrz + Kye =0 (13)

Using the small-angle assumption and replacing the rotor and gimbal
angular rates with Eqgs. (1) through (6) gives

([rl + Igt)¢+ (Irs - 2]n)(0v9 + (([gs - Igt + Irs - ]rl)a)f + Kx)d) =0

(14)
and

Irté - (Irs - erl)wsd.) + ((Irs - In)wsz + Ky)e =0 (15)

These equations can be rewritten in matrix form as

[l

where
Ii+1y O
M = 17
[ ' ,ﬂ} an
0 (5[, - Irl)a)x
G = 18
|:—(81, — I w; 0 i| (18)
K, + (81, + 81,)w? 0
k= | KT O, , (19)
0 Ky +81.0;

and with 61, = (I; — Iy) and 8 I, = (I — Iy).

At this point, it should be noted that the state space form has
been used to allow the use of standard stability analysis techniques.
In addition, the equations have been kept in a spinning coordinate
frame to prevent the loss of significant terms. The necessity of this is
demonstrated by placing the equations of motion in the nonspinning
coordinate frame. The complete derivation will not be shown in this
paper; however, the complex variable technique is used>’ to put
the equations in a more meaningful form. Once Eqgs. (12) and (13)
are combined, transformation from nonspinning, or case-fixed, to
spinning coordinates is achieved through the multiplication by?’
eI where j = +/—1. The relationships between the nonspinning
and the spinning coordinates are then

g =4q:+Jjqy
= e/ (¢ + j6)
with its complex conjugate as
g=e’""(p—jo)

Note that the complex angle g is made up of small Euler angles,
whereas the sensors, or pickoffs, that measure the rotor orientation
in a DTG actually measure a distance from a case reference to the
rotor rim. In the case of the DTG, the difference between these
angles is usually so small that the errors may be ignored.

In the nonspinning coordinate frame, the equations of motion can
be reduced to

Cf - ]wnq + anq + [yns (q + 2Jqu) + ﬁnsq]erwlr =0 (20)

where

L + Igt
= —w
Irt + Igl/z

Wy s

Kx + Ky - (21gt - Igs)a)z
21+ Iy

an.?

Iy

Vns = 21“ T+ Ig[

K, — Ky — Qly — Ip)w?
2Irt + Igt

ﬂnx =

Together with its complex conjugate, Eq. (20) can be used to de-
termine the equations for both g and g. However, inspection of this
single equation can be informative. The terms within the brackets
are modulated at twice the spin speed and include coefficients that
depend on the ratio between the gimbal and rotor inertias. Because
the gimbal is very small compared to the rotor, these terms are typ-
ically ignored, resulting in the equation

q— jwnq + o X 0
which reflects a free rotor if «,; = 0. This is obtained by setting

K. +K,— Qly— Ixx)o? =0
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which is the tuning condition mentioned previously. However, when
the terms in y,, and B, are not ignored, a very low-frequency re-
sponse is found.” This implies that low-frequency precession would
be expected, because a pure null would not be possible in practice.
With a rebalance control loop around the gyro, and with a null that
does not perfectly match the mechanical null, the low-frequency
precision shows up as a drift rate. This drift has, in the past, raised
debates over the stability of DTGs.

By maintaining the equations of motion within the rotating co-
ordinate frame, the rotating terms are kept and the stability of the
system can be evaluated. In general, the solution of Eq. (16) has the

form
[z] =Ae/” 21

and can be rewritten as
) 0
(—0’M + joG + K}Ae!” = [0} (22)

The characteristic equation of the system can be written as
A =det(—w’M + joG +K) (23)

=In(In + 1) — (Un(K, + Ky) + IuK,) + (181, — 2811,

+ 1y81,)0)Q + (K + (81, + 81,)n) (K, + 81,m) =0 (24)

where Q = w? and n = w?. Of note is that w, only appears in the
quadratic form (?), indicating that the direction of rotation has no
effect on the stability behavior of the DTG. The quantity n will be
referred to as the shaft speed and, because there is little possibility of
confusion, 2 will be referred to as the frequency. The characteristic
equation is now in a form that can be used for a stability analysis.

III. Stability Analysis

Since the solution of the equations of motion are assumed to have
the form Ae/*", it is necessary that €, the square of the roots of the
characteristic equation (24), be positive and real for the system to
be stable.

Given that w represents the natural or fundamental frequencies
of the system, if Q2 € R and Q < 0 then the roots w are imaginary
conjugates and one value of jw will be positive real. This results
in an exponentially growing mode and a corresponding instability
due to divergence. If €2 is positive and real, it is still possible for the
system to be unstable. This occurs when the roots w are complex
conjugates where the real parts will contribute to oscillatory behav-
ior in the modes and the imaginary parts will result in one of the
modes decaying to zero and the other growing exponentially. The
growing oscillatory mode is a flutter instability.'> For a DTG, a di-
vergent mode would be represented by an exponential increase in the
gimbal angles. Flutter instability would manifest itself as growing,
oscillatory gimbal angles.

Normalizing with respect to the rotor transverse inertia, Eq. (24)
can be rewritten as

AQ) =aQ’ = (B+TmQ+ (K /In+ V1) (K, /I +Tn) =0

(25)

where
a=1+Iy/ls (26)
B=(K.+Ky)/In+ IuK, /I @7)

T=1 + (Igs - 21gl)/1rt + Igtlrs/lr% + (Irs/lrt - 1)2 (28)
v = (Igs + I — Igt)/lrl -1= (‘Slg + 81}‘)/Irt (29)
r= Irs/IrI -1= 81,/[,1 (30)

As stated earlier, the system will experience a divergent instability
if one, or both, of the roots of the characteristic equation (25) are

less than zero (£2; or €2, < 0). The boundary between the stable re-
gions and the divergence unstable regions, known as the divergence
boundary, is found from the condition'®'#

A(R2) =0 when Q=0 i=1or2 31)
For at least one root of the characteristic equation to be zero, it is

necessary that
(K/Iee + W) (Ky /I +T) =0
or
(K + 81, +81)n)(Ky +81.m) =0 (32)

This equation for the divergence boundary can be expanded into a
second-order polynomial involving the shaft speed 1, which has the
two roots

m = —K,/sl, (33)
m =—K./@lg+61) (34)

Values of ; <0 are not physically realizable, so only those cir-
cumstances that lead to n; > 0 in Egs. (33) or (34) are of interest.
This can occur only if

Slr = (Irs - Irt) <0

or
(Slg —+ 81, = (Igs - Igl + Irs - Irl) < 0

neither of which is likely to occur for physically realistic systems,
where the design standard is to have the spin inertia greater than the
transverse inertia.

Alternatively, the divergence boundary condition (32) may be
viewed as a quadratic in terms of §/,, which has the roots

81, = —K,/n (35)
81,2 = —(ndI + K.)/n (36)

Again it is possible, but unlikely in practice, for 81,1 <0Oorél,, <O,
so these divergence boundaries are feasible but are unlikely to be
encountered.

Finally, the divergence boundary condition (32) may be viewed
as linear in 61, which yields the single root

8l ==L+ Ky)/n (37

which is also feasible but unlikely in practice. It should be noted
that if both of the roots of the characteristic equation (25) are to be
zero then it would be necessary for

B+Yn=0 (38)
or
(817 + 1u81, + I7 + 81 I ) + K. Iy — (I + I)K, =0 (39)

which can never occur for a practical gyroscope where the spin
inertia is greater than the transverse inertia and the stiffness of the
torsional springs is equal and positive.

If the roots of the characteristic equation are complex then the
system will lose stability because of flutter.'* The flutter boundaries
can be determined by satisfying the equations

AQ) =0 (40)
IA(Q)
o =0 (41)

Using the characteristic equation (25)

12 _ e 0 42
3 = 2= (B+Tn (42)
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The roots of the characteristic equation are

Q2= 1/20)[(B+Tn) £ (B + )’

—da(K/In+ ¥n)(Ky /I +T1)” | 43)

The roots from Eq. (43) can now be substituted into Eq. (42), which
is then squared, and the resulting equation for the flutter boundary
is

B+ Tn)? —4a(K, /I +¥n)(K,/I+Tn) =0 (44)

Equation (44) can be expanded to give

(Y2 —4aTW)n? + (287 — 4a[(K, T + K, W)/ L]}y

+[B* — 4o (KK, [13)] =0 45)

Again, this situation would not be encountered in a practical gyro-
scope because the relationship is only true for negative values of
n, which are not physically realizable. Therefore, flutter instability
would not be encountered in service.

A special case worth examining occurs when the pivots are re-
placed with bearings. This scenario represents early models of
the DTG. In this case, the stiffness of the pivots is zero. With
K =K, =0, the characteristic equation becomes

a® —TnQ+Twnp? =0 (46)
The roots of Eq. (46) are
Q= (n/20) (T £/ T2 — 4aT'W)

For the system to be unstable by divergence, it is necessary that
one of the roots of the characteristic equation be less than zero. By
definition, o > 1, which means that for this to occur

VY2 —4al’'¥ > T

This can be rewritten in the form
al’'V <0

Given the restriction on « stated earlier, this equation is only true if
either I' or W is negative, but not both. Therefore, using the defini-
tions of W and I in Egs. (29) and (30), the region of instability of
the DTG is

Irs < In < Irs + [gs - Igt

which is a very limited and unusual distribution of inertias. Thus, it
has been shown there is only a small region where a DTG with bear-
ings would be unstable by divergence. There is also the possibility
that the DTG could become unstable through flutter. This can be
checked by determining if the roots of characteristic equation (46)
are complex. This will only be true if

T? —4alT'W <0
or
Y? < 4aT'W
This condition is not likely to be encountered in a DTG. It is clear
thatitis unlikely for a DTG to become unstable, even when operating

in a untuned condition such as that found when “pins and jewels”
or bearings are used in the place of flexure pivots.

Torsional Springs

X

Fig. 1 Schematic of a dynamically tuned gyro showing the rotor and
gimbal rings, shaft, and torsional elements.
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Fig. 2 Stability boundaries for a gyro with varying gimbal transverse
inertia. D represents divergence, S represents a stable region, and F
represents an unstable system due to flutter.

IV. Numerical Study

At this point it is possible to perform a numerical study to observe
the effect of changing various parameters on the stability of a typical
DTG with flexure pivots, the properties of which are given in Table 1.
The study is performed by changing the value of one parameter while
keeping the remaining ones constant. Although negative values of
n are plotted, these values are physically impossible to achieve and
are only shown to give a clear understanding of the trends of the
curves.

For presentation purposes, only one case will be evaluated. The
remaining cases can be found by using a similar method and varying
other parameters. This study involves changing the value of the
gimbal transverse inertia, I, Figure 2 gives the stability boundaries
of the system. For feasible values of n, it is only possible for the
system to go unstable by divergence when the ratio of the gimbal to
rotor transverse inertia is greater than one and at shaft spin speeds
greater than 30 rad/s. From Fig. 2 it is observed that the value of 1 at
which flutter occurs decreases as the transverse inertia of the gimbal
increases from the tuned value. The flutter boundary remains fairly
constant for values of transverse inertia smaller than that shown in
Table 1.

For the chosen example, the tuning condition” gives n = 440,000
(rad/s)?. This places the operating condition for the gyro in the upper
left hand quadrant of the plot (off the scale) and well away from the
divergent boundary. Note that the divergent boundary approaches a
ratio of gimbal to rotor transverse inertia of one for high values of .
From this analysis, it can be seen that the system will remain stable
for all reasonable operating conditions.

It should be noted in this case that the system does not enter a
region of flutter instability. Additional studies have shown that the
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Table 1 Inertial and stiffness properties
of a typical dynamically tuned gyro

Parameter Value Units
Iis 70.0 g cm?
I 40.5 g cm?
Iys 1.37 g cm?
Ige 0.8267 g cm?
K, 6.226 x 10* dyn cm/rad
Ky 6.226 x 10* dyn cm/rad

gyro only enters regions of divergent instability in extreme cases
where, for example, the stiffness of the torsional springs have a very
large negative value or the transverse inertia of the gimbal is quite
large. In fact, it can be shown that, for a practical gyro design, the
system would be stable. The stability of the gyro is insensitive to
practical changes in the physical properties of the system.

V. Conclusions

Well documented in the literature, application of the tuning equa-
tion to the design of the dynamically tuned gyroscope (DTG) re-
moves the first-order effects of the gimbal motion. However, second-
order effects still remain and influence the response of the rotor. This
response is not an unstable condition and reflects a stable precession
and nutation of the rotor. However, in the past, this response has led
to the belief that the rotor was unstable.

This paper contains a stability analysis of a dynamically tuned
gyroscope. With these equations, it can be shown that, for all prac-
tical configurations, the DTG is inherently stable when operated at
low angular offsets. In fact, it was found that large deviations from
the tuning condition were required for system instability.
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